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Abstract

This paper is concerned with real-time monocular visual—inertial simultaneous localization and mapping (SLAM). In
particular a tightly coupled nonlinear-optimization-based solution that can match the global optimal result in real time
is proposed. The methodology is motivated by the requirement to produce a scale-correct visual map, in an optimization
framework that is able to incorporate relocalization and loop closure constraints. Special attention is paid to achieve
robustness to many real world difficulties, including degenerate motions and unobservablity. A variety of helpful techniques
are used, including: a relative manifold representation, a minimal-state inverse depth parameterization, and robust non-
metric initialization and tracking. Importantly, to enable real-time operation and robustness, a novel numerical dog-leg
solver is presented that employs multi-threaded, asynchronous, adaptive conditioning. In this approach, the conditioning
edges of the SLAM graph are adaptively identified and solved for both synchronously and asynchronously. In this way one
thread focuses on a small number of temporally immediate parameters and hence constitute a natural “front-end”; the
other thread adaptively focuses on larger portions of the SLAM problem, and hence is able to re-estimate past parameters
in the presence of new information: an ability that is useful for self-calibration, during degenerate motions, or when bias
and the direction of gravity are poorly observed. Experiments with real and simulated data for both indoor and outdoor
scenarios demonstrate that asynchronous adaptive conditioning is accurate, and able to closely track the batch SLAM
maximum likelihood solution in real time.

Keywords
Simultaneous localization and mapping (SLAM), visual-inertial odometry, robotics, inertial measurement unit (IMU),
bundle adjustment, mapping

1. Introduction such as constant velocity forward motion, some parameters
may never be observable (though this rarely if ever happens
in practice) (Jones et al., 2007; Kelly and Sukhatme, 2010).

An alternative to local BA is to only keep a sliding win-
dow of the most recent poses and landmarks active, and
marginalize the rest into a prior distribution (Mourikis and
Roumeliotis, 2007; Sibley, 2006; Sibley et al., 2010). This
is equivalent to a fixed-lag Kalman smoother (Gelb, 1974;
Maybeck, 1979) and recently such systems have shown
remarkable results (Hesch et al., 2013; Li and Mourikis,
2013b; Li et al., 2014).

Marginalization into a prior distribution like this is
predominantly employed for computational efficiency —
if it were possible to compute the batch MLE solution

It is well known that the batch bundle adjustment solution to
monocular simultaneous localization and mapping (SLAM)
is the gold standard, in that its form defines the Cramer—Rao
lower bound and that it takes advantage of all measure-
ments over all time to compute the maximum-likelihood
parameter estimate (MLE) (Engels et al., 2006; Triggs et al.,
2000). Visual-inertial bundle adjustment (BA) is signifi-
cantly more challenging than vision-only BA (Leutenegger
et al., 2013). Vision-only monocular systems suffer from
a well-studied scale ambiguity. Adding an inertial mea-
surement unit (IMU) can make scale observable, however
inertial measurements complicate matters when it comes
to computing the global MLE solution incrementally in
real-time.

For BA to be real-time for use on robots, a local approach
is typically employed (Mouragnon et al., 2006). With an
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in real-time it would be preferable. Marginalization is
also costly because it introduces conditional dependencies
between the remaining parameters causing “fill-in”. Fill-
in can be addressed by cutting feature tracks and care-
fully marginalizing poses and landmarks simultaneously
(Nerurkar et al., 2013). Marginalization is also potentially
dangerous because it bakes in linearization errors, which
can lead to over-confident estimates or divergence unless
one is careful to maintain consistency (Hesch et al., 2013;
Li et al., 2014). Carrying prior distributions induced from
marginalization also necessitates an expensive global opti-
mization at loop-closure to obtain the correct marginal.
This paper attempts to remedy these issues by avoiding
marginalization altogether.

Instead of relying on marginalization, conditioning is
used, which has shown surprisingly robust and accurate
results in the computer vision community (Engels et al.,
2006; Klein and Murray, 2007) and avoids locking in incor-
rect parameter estimates when used adaptively (Sibley et al.,
2009). Using a relative manifold is also helpful because
optimal relative transformation estimates in SE(3) are by
definition near zero. This fact allows multiple threads to
asynchronously optimize and update different overlapping
subsets of the full problem without detriment.

Adaptive asynchronous conditioning has other benefits:
it can (a) perform robust initialization even under degener-
ate motions, (b) allow constant-time loop closure without
expensive loop-long re-linearization, (c) operate even dur-
ing poor observability conditions, (e) avoid inconsistency
associated with early marginalization and re-linearization,
and (f) track the relative-space maximum likelihood solu-
tion in constant time. We find that adaptive asynchronous
conditioning is accurate, and closely tracks the global batch
optimal solution at a fraction of the computational cost,
which enables real-time operation.

2. Methodology

With sparse visual SLAM, the usual concern is with the
estimation of keyframe (Klein and Murray, 2007) and land-
mark poses, based on the image measurements of tracked
3D features (Triggs et al., 2000). The addition of gyro-
scope and accelerometer measurements however, necessi-
tates the estimation of the body velocity and the sensor
biases. With these added parameters, the state vector for the
batch visual-inertial SLAM problem is defined as

X=[{x5, vI b, b," ) (0] (D

where { x! vI

wpn Vim bgnT b,, " } is the set of keyframe
parameters, defined as follows: x,,,, € SE(3) is the trans-
formation from the coordinates of the nth keyframe to
world coordinates, v,,, € R? is the velocity vector of the
nth keyframe in world coordinates, and by, € R’ and
b,, € R? are the gyroscope and accelerometer bias param-

eters for the nth keyframe respectively. Similarly {p;} is

the 1-d inverse-depth (Pietzsch, 2008) parameter for the kth
landmark.

Note that in this case, the world frame denotes a “lifted”
local frame, where a breadth-first search is used to obtain
a local coordinate system from the relative map representa-
tion (Mei et al., 2011; Sibley et al., 2009). This local coor-
dinate frame simplifies the visual and inertial constraints,
which are minimized in the optimization, in comparison to
their relative formulations. Once the optimization is com-
plete, the relative representation of the optimized parame-
ters is written back into the map. Note that the relative map
representation is not a prerequisite of the proposed method,
and is used as it facilitates updates to a single map struc-
ture from multiple asynchronous optimizations. Section 2.5
further expands on the specifics of using a relative map
representation with visual—inertial SLAM.

The parameterization of x,,, deserves special notice.
The transformation has six degrees of freedom (DOF):
three for translation, and three for rotation. However, 6DOF
representations of transformations suffer from singulari-
ties, due to what is known as gimbal lock in the rotation
DOF. To avoid this problem, the rotation component of the
transformation is represented as a quaternion:

Xyp = [p—vrvp qu ]T (2)

where q,,, € R* is a quaternion representing the rotation
from keyframe to world coordinates, and p,, € R? is the
translation vector from keyframe to world coordinates. This
representation has 7DOF and as such, is over-parameterized
for the underlying 6DOF. To avoid the null-spaces caused
by over-parameterizing the space in an optimization, a local
parameterization of the space is utilized as follows:

Xy = Xup @ Xy (AXg, AXy)
T
- [ (9w ® expy (qu))T (Pup + AXP)T] G)

where X,y (AX,, AX,) represents an update applied to the
transformation x,,,, composed of a 3DOF translation delta
AXx, and a 3DOF rotation delta Ax, , and ® is the quater-
nion multiplication operator. The translation delta is addi-
tive and is simply added to the translation vector of X,,,.
The rotation delta is in the so(3) fangent space (Strasdat,
2012) and is transformed into the SO( 3) manifold using the
exponential operator. The resulting quaternion can then be
multiplied by q,,, to apply the update to the rotation. Here ®
is the update operator, equivalent to matrix multiplication if
X,y and x,,; were represented as 4 x 4 homogeneous trans-
formation matrices. Ax, and Ax, now represent a 6DOF
manifold, which can be used to update the keyframe pose
without over-parameterization.

2.1. Probabilistic derivation

Given the state vector in equation (1), a probabilistic
method will be derived to obtain the optimal estimates for
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the parameters given visual and inertial measurements. The
joint probability distribution of the state vector X and the
visual-inertial measurement set Z can be factored using
Bayes’ rule as follows:

P(X,Z) = P(Z|X) P(X) 4)

where P (Z|X) is the measurement likelihood and P(X)
is the prior term. Assuming conditional independence
between measurements, the likelihood term can be factored:

P(X,Z) =[] P @IX)P(X) (5)

i=1

where P (z;|X) is the likelihood of the ith measurement
given the state vector X. The optimal estimate for the state
vector parameters is then one that maximizes the joint prob-
ability of the state and measurements in equation (4), which
is also achieved by maximizing the measurement likelihood
and prior probabilities:

X = argmax P (X, Z) = arg max (HP (z:]X) P( X))
X X

i=1
(6)

With the assumption that the measurement terms are nor-
mally distributed, the likelihood term for the ith measure-
ment term (equation (5)) can be written as a multivariate
normal distribution with mean /( X) and covariance X, as
follows:

P (z|X) =

1
Ve Iz,

exp (—% (zi — (X)), (z — h(X))) x

exp (=31~ HOO I, ) )
where the proportional relation (o) is used to omit
the normalization term, and |z — A(X) ||§SZ
(z—h(X)" .1 (z— (X)) denotes the squared Maha-
lanobis distance. /( X) is the measurement function, which
predicts the measurement z given the state vector.

Likewise, with the assumption that the prior term is nor-
mally distributed with mean IT and covariance X, it can
be written as

1
P(X)ox exp (—Enx - nnén) ®)

Given equations (7) and (8), equation (6) can be written
as

X = argmax P (X,Z) = arg max
X X

‘ 1 1
[]‘[ exp (—Enzi — h(X) ||él) exp (—EIIX - nnén)]
i=1

Taking the negative log of equation (9), a cost func-
tion can be obtained, in order to obtain the maximum a
posteriori estimate for the state vector X:

X = arg min (Z lz: — h(X) |13, + X — nnén> (10)

i=1

where the first term represents a sum over all measurement
residuals, and the second term represents the prior resid-
ual. Note that since both the state vector X and prior mean
IT contain rotations, the subtraction operator is not suffi-
cient to obtain a residual between the two. Instead, due to
the existence of discontinuities in the space of rotations, the
difference between two quaternions is used as a measure of
distance:

)

where the log, operator transforms the 4DOF difference

quaternion from the SO(3) manifold to the 3DOF so( 3)
tangent space. In Section 2.3, it will be shown that, in
the case of inertial measurements, a similar approach is
required in order to compute the residual z; — A(X) as
rotation terms are involved. This detail does not, however,
invalidate the aforementioned derivation.

Note that although the aforementioned maximum a pos-
teriori formulation includes a prior distribution on the state
parameters, the proposed method does not make use of a
prior, and as such uses maximum likelihood estimation.
This is further explained in Section 2.4.

Aq = log, (qx ® q")

2.2. Visual measurements

Visual measurements are formed by tracking the 2D image
projection location of 3D landmarks in the scene. A resid-
ual is then computed from the difference in the predicted
2D image position of the landmark and the actual measured
2D position. Figure 1 shows the parameters involved in a
single visual residual. The measurement function 4( X) for
visual residuals is defined as follows. (Note that the trans-
formation T, is the equivalent 4 x 4 matrix representation
of x,,,, which is used here for brevity. The underlying imple-
mentation uses the quaternion and translation components
of x,,,):

HX)=P (pX) = P (T, T} Ty, TP~ (1))
(12)

where p is the inverse depth of the landmark, T, is
the transformation from the coordinates of the reference
keyframe (in which the landmark was first seen and initial-
ized) to world coordinates, T, is the transformation from
the measurement keyframe to world coordinates, p, is the
2D image location where the original feature was initialized
in the reference keyframe, p,, is the measured 2D image
location in the measurement keyframe, T, is the transfor-

(9) mation from the camera to the keyframe coordinates, P~ is
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Fig. 1. The formation of a visual residual given a landmark and the reference and measurement keyframes. The landmark is first formed

by corner detection, where p,- denotes the image location of the detected corner in the reference frame x,yp,.. The landmark inverse depth

parameter p specifies the perpendicular distance between the landmark and the image plane. The measurement keyframe reference frame

Xyp,, Specifies the transformation from the measurement keyframe to world coordinates, and p;y is the detected image location of the

landmark in the measurement frame. As the keyframe pose corresponds to the IMU frame (Section 2.3), X, denotes the transformation
from the camera to the IMU frame. Given the aforementioned values, the landmark can be projected into the measurement frame, where

an error vector (ey)) is formed with the difference between the predicted and measured landmark location in the image.

a 2D to 3D back-projection function that returns the homo-
geneous landmark position given the reference 2D image
location p, and the inverse depth p, and P is a 3D to 2D
camera projection function that returns the predicted 2D
image coordinates. This operation forms a transform func-
tion from the image plane of the reference camera to that of
the measurement camera, given their respective poses and
the inverse depth of the landmark. The camera to keyframe
transformation T,. is non-zero as the keyframe is collo-
cated on the inertial frame (the frame in which inertial
measurements are made), to simplify the inertial integration
equations. As shown in Figure 1, the visual measurement
residual of the kth landmark in the mth frame is calculated
from the error vector between the predicted and measured
2D location, e, as follows:

2
rvm,k = ”evm,k ” zpm,k

= ”pm,k —_ 73 (T;CIT;;"ZTW ’_’kTpcpil (pra lok)) ”%:pm,k
(13)

where p,, is the measured 2D image location of the kth
landmark in the mth keyframe with covariance %, ,, and
T,,,, is the transform from coordinates of the reference
keyframe of the kth landmark to world coordinates.

Since the camera intrinsics are assumed constant, the
back-projection of the reference feature location onto the
z = 1 plane can be computed once and then stored for all re-
projections involving that landmark. This pre-computation
step provides significant benefits where non-invertible cam-
era models are used, as the inverse projection function for
these camera models can be computationally expensive.
The back-projection is undertaken as follows:

[x¢; 1.01=P"' (p,, 1.0) (14)

where x; € R? is the 3D vector representing the feature
on the z = 1 plane of the reference camera. Given this pre-
calculated vector, the residual can be re-written by simply
replacing the z = 1 inverse depth value with the parameter
0, obviating the inverse projection function in

2
"t = ”eVm,k ”Eem,k

= |pmx — P (T;cl va,lm Top,; Tpe [Xk 5 p]) Ilépmk
(15)

Here the covariance of the error vector ey, , is equal
to the covariance of the 2D pixel location detected in the
image X, ., due to the fact that the measurement and error
vector are in the same space. More formally, if the image
measurement is defined as

(16)

where p,, . is the true measurement, then the distribution
over the error vector can be written as

Pmi ~ N (I_)m,k’ Epm,k)

P (e, 1X) =P (pui —h (X)) ~ N (h(X),Z,,) (17)

Therefore, the measurement uncertainty is used directly
in the Mahalanobis distance used for the residual. This dis-
tinction is made to motivate the covariance derivation in
Section 2.3, as the inertial measurement and error vector
are not in the same space. Linear error propagation must
then be used to obtain the covariance of the error vector.
The covariance X, , can be obtained from the autocor-
relation matrix used in extracting Harris corners (Harris
and Stephens, 1988). However, due to the fact that the
salient corners used for tracking are generally thresholded
to have high autocorrelation, a standard value of 1 pixel is
used for the x and y dimension covariance. In other words,
Zpi = b2



Keivan and Sibley

1577

2.3. Inertial measurements

Similar to Section 2.2, inertial measurements obtained from
the IMU are used in order to form constraints over state
variables. The values obtained from the IMU are 3DOF
acceleration and angular rate measurements. IMU mea-
surements are taken in the IMU coordinate frame. This
fact motivates the use of the IMU coordinate frame as
the privileged frame, as the equations governing the rigid
body dynamics are greatly simplified. Both accelerometer
and gyroscope measurements are assumed to have additive
Gaussian noise, and are therefore defined as follows:

(18)
(19)

n~ N (a0 @ @)+ by, 2,

m ™ N (qv_v; ® (ay, — gw) + b, Za)

where w,, refers to the angular rate measurements in the

IMU frame obtained from the sensor, q,,, is the quaternion
defining the rotation from IMU to world coordinates, w,, is
the true angular rate of the IMU in the world frame, b, is
the gyroscope bias vector, and ¥, € R3*? is the covariance
matrix specifying the uncertainty in gyroscope measure-
ments. Similarly for acceleration measurements, w,, is the
acceleration measurements in the IMU frame obtained from
the sensor, a,, refers to the true acceleration of the IMU
in the world frame, g, is the gravity vector in the world
frame, b, is the accelerometer bias vector, and ¥, € R3*3
is the covariance matrix specifying the uncertainty in the
accelerometer measurements. The effects of the Earth’s
rotation have been ignored in these equations.

Note that the angular velocity vector w,, € R3*! is the
minimal representation of the so(3) tangent space. As the
measurement is in the IMU frame, the tangent space needs
to be transformed between two different SO( 3) reference
frames. This operation is the Adjoint Map (Strasdat, 2012),
which for SO(3) is simply multiplication by the rotation
matrix transforming from the start to end reference frame
Therefore multiplication by the equivalent quaternion qu
can be used to transform the angular velocities in the world
tangent space to the IMU frame tangent space.

In order to constrain the state variables, the equations of
rigid body motion are used to obtain analytical relationships
between the IMU measurements and the state parameters.
The integration state for the kth step (x; € R'®) is arranged
as follows:

T
Xp = [ pa'pk q};'pk V;l;k bT b;{k ] (20)
The relationship between the state parameters and IMU

measurements is derived as follows:

pr = Vw

Vi = Ay = Qyup @ (2 — by) + g,

by = W,

b. = W, (21)

The time-derivatives of translation (p,,) and velocity
(vy) are straightforward. The accelerometer and gyroscope
biases are modeled as Gaussian random walk processes.
Consequently, their discrete time derivatives are given by
the white Gaussian noise vectors w, € R?, and w, € R,
where elements of each vector are independently drawn
from a zero-mean Gaussian distribution with variance of
Obgs and Oy respectively. The case of rotation derivatives
deserves special attention. Given that the skew-symmetric
angular velocity tensor @, denoted by the hat operator
(Strasdat, 2012) is in the so(3) tangent space, Euler inte-
gration of the angular velocities to form an incremental
rotation in SO(3) can be performed using the exponen-
tial operator: Aq,,;, = exp, (@,, df), where exp, returns the
SO( 3) rotation in the form of a quaternion.

This incremental rotation can then be compounded with
the original rotation matrix. Using a quaternion to represent
elements of SO(3), the discrete integration of the angular
velocities for a single time step can then be written as

Qvpry = exp( &)Wk dt) ®qup,

—

= CXPq (qu ® (wm —bg) dt) ® Qup, (22)

where the IMU frame angular rate measurement w,, is
transformed into the world frame by the SO(3) Adjoint.
The other parameters are similarly discretely integrated for
a single time step:

Pupii1 = Pupy + Vi d1
Vi = Vg T2 dt = vy,
b = by,

b =b,, (23)

+ (qu ® (amk - bak) + gw) dt

&k+1

Ak+1

The gyroscope and accelerometer biases are modeled as
random walk processes, and as such are not modified in the
integration. However, the uncertainty over the bias param-
eters grows with the integration. Note that although Euler
integration is used here for brevity, in the actual imple-
mentation, Runge—Kutta 45 integration is used for higher

accuracy.
Given the aforementioned integration approach, the iner-
tial measurement set Z = {z,o,...,ztn} where z =

[ w a ] can be used to integrate the SE( 3) pose, velocity
and biases from time £, to #,. A residual can then be formed
between the integrated state (x’) and the parameters in the
next keyframe as shown in Figure 2:

, 2
pr/+l - p
5 log, qu,+| ® q)
g, = leg I3, = Vi~V @)
J
gj+1 - bgj
ﬂ/+1 - baj

Zer,
Zj
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Fig. 2. Inertial residuals formed by integrating inertial measurements between subsequent keyframes. The residual vector ez, | is then

formed using the error between the integrated inertial measurements from keyframe » and the state parameters of keyframe n + 1.

The ellipsoids represent the (exaggerated) uncertainty in the integrated state, which grows as more noisy measurements are used in the
integration. The final state uncertainty is then used in computing the weight of the residual.

where log, (q;;jﬂ ® q’) € R? is used to calculate the

s0(3) difference between the integrated orientation ¢’ and
the orientation of the (j + 1)th keyframe, qy,,,. This is
required, as the quaternion parameterization is redundant,
and the underlying space has only 3DOF.

2.3.1. Residual covariance. Unlike the visual residual
covariance in equation (17), the covariance of the inertial
residual Ee,-j is not due to the uncertainty of a single mea-

surement. Rather, the uncertainty of multiple measurements
inflate the covariance of the integrated state as shown in
Figure 2. In order to obtain this covariance, the uncertainty
of the integrated state must be calculated at each stage of
the integration. This involves the propagation of the current
uncertainty for the time-step & to time-step k + 1, as well as
adding the uncertainty introduced from the measurements
integrated at time & as follows:

_ 0Xpy1 5 OXjet1 T+ X1
axk Xk 3Xk 8Zk

where Xy, € R!6*16 is the singular covariance matrix of
the most recent integration state, and ¥, € R'2*1? is the
covariance matrix of the IMU measurements and the bias
drift model. It should be noted that X, is singular due to
the redundant 4D representation of rotation, during the inte-
gration on the SE(3) manifold. However, this covariance
is propagated into the minimal se( 3) tangent space before
being used in the optimization, and will no longer be sin-
gular. (See equation (28).) Here x; € R!¢ is the integration
state matrix arranged as

2Xk+1 (Xk> EXk; st EZ[()

i1\
Ezk sz

(25)

T T T T T T
Xy = [ Pupe Qupe Vwe Pg Pg ] (26)
and z = [ w a ] is the measurement vector at time-step
k. The IMU measurement and bias covariance matrix is
usually diagonal, as the measurement uncertainties of the

separate axes of the gyroscope and accelerometer and their
biases are not correlated. It is formulated as

%, = diag (U; T33,07 'I3x3:ab2g 'stz,fsza 'I3><3)
(27)

where oy, oy, Obgs and oy, are the uncertainties for the
gyroscope, accelerometer, gyroscope bias and accelerom-
eter bias respectively. The derivatives 9%+1/ax; and 9%k+1/az;
are straightforward and are obtained by differentiating the
single-step integrations in equation (23).

Using the uncertainty propagation in equation (25), the
uncertainty of the final state ¥y can be obtained. Note that
at the first step of the integration, the uncertainty of the state
is set to 0. More formally: Xy, = Oi6x16. The uncertainty
of the error vector ez can then be obtained from Xy:

oe; de;\ !
Y. € RISXIS — T . T
°z ax' ] 7Y Lox

where dez/sx € R'3*16 is the Jacobian of the function that
forms the error residual from the integrated state x’, and the
subsequent keyframe:

(28)

der —I3,3 034 039
P O3x3 @ l°gq(‘lv?1}j+1 ®q')/ aq°  O3xo 29)
09x3 094 —Ioxo

Due to the simple subtractions used to form the errors,
this Jacobian is mostly comprised of the negative identity
matrix —I. The only exception is the orientation term. As
a redundant 4D quaternion parameterization is used during
the integration, the covariance term for it will be singular.
The orientation block in 9ez/3x’ is then used to propagate
this uncertainty into the se( 3) tangent-space where the 3D
error will be formed.

Note that depending on the uncertainty and number of
IMU measurements used in the integration, Y., could
become singular or badly conditioned, in which case a
pseudo-inverse should be used to compute the Mahalanobis
distance in equation (7). Unlike the visual residual covari-
ance, the inertial residual covariance depends on the state,
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via propagation through the state integration. However,
this dependence is assumed to be negligible, as the resid-
ual covariances are recomputed before every optimization
iteration.

2.3.2. Jacobian calculation. In order to optimize the resid-
ual in equation (24) in a maximum-likelihood estimator,
partial derivatives of the error vector ez; with respect to

the involved state parameters are required. The error vec-
tor ez; is formed by integrating IMU measurements starting

at the jth keyframe, and comparing the integrated state with
that of the (j + 1)th keyframe. Therefore the involved state
parameters are the position, orientation, velocity and biases
of these two keyframes. Given the inertial residual in equa-
tion (24), it can be observed that the derivatives with respect
to the (j + 1)th keyframe are easily obtained, as they do not
involve the integration of the inertial measurements. How-
ever, the same cannot be said for the jth keyframe, as it is
the starting state for the integration. The partial derivatives
would then need to be computed step-by-step through the
integration using the chain rule. In order to simplify the
required partial derivatives, some of the starting keyframe
state parameters can be factored in the integration, as shown
in Appendix B. The error vector and residual can then be
re-written given this factorization, by replacing the compo-
nents of the final integration state x’ with their factorized
forms:

rr.

2
) = leg i,

Pupyer = (Pugy + Vo AL+ S8y AZ + qu, ® AP)

log, (q;.llﬁl ® (q”pj ® Aq) )

Vi = (Y + g At + Qup; ® Av)

bgj+1 - bgj
by, , — b
1 a

J+ J Ete

(30)

where At is the total time of the integration, and Ap, Aq,
and Av are specially integrated deltas of position, orienta-
tion and velocity, which do not depend on any state param-
eters, as described in Appendix B. Given this factorization,
partial derivatives with respect to velocity, position and ori-
entation of the jth keyframe need not be computed through
the integration, and can be directly evaluated. Unfortunately
the same cannot be said of the partial derivatives with
respect to the bias: 9¢z;/on,, and 9¢z;/ob,;, which have to be
computed using the chain rule as follows
8x1
. 3b/>

€2))

It is worth noting that due to the additive noise model
used for IMU measurements (equations (18) and (19)), the
partial derivative of the integration step with respect to the
biases (9x1/ab;) is in fact equal to the partial derivative with
respect to the measurement noise (9%+1/3z,), which is used
in the propagation of the measurement uncertainty in equa-
tion (25). This partial derivative can be easily computed
from the single-step integration in equations (22) and (23)

aezj _ 8te 0X,, _ 361]. 0X, 0X,_1
db;  ax  ab; X  \ 9%, 90X,

and used for both the partial derivatives of the error vector,
and to propagate the measurement uncertainties.

2.4. Optimization formulation

The previous sections outline the formulation of inertial
and visual residuals. In a batch setting, all measurements
collected would be used in order to optimize the state
parameters. However, this is clearly not an acceptable solu-
tion for online systems, as the computational complex-
ity of the problem is unbounded as more measurements
are collected. One way to deal with this problem is to
recursively marginalize landmarks and keyframes that fall
outside a fixed-size window of active parameters. These
older keyframes then form a prior distribution, which is
used alongside the visual and inertial residuals (Leuteneg-
ger et al., 2013; Li and Mourikis, 2013a; Li et al., 2014;
Mourikis and Roumeliotis, 2007). This approach however
generally results in inconsistencies in the estimator, due to
the multiple linearization points used in the marginalization
process. One approach to fixing the inconsistencies is to use
first estimate Jacobians (Li et al., 2014), however this issue
will greatly reduce the tolerance of the estimator towards
nonlinearities. Another issue with carrying a marginal dis-
tribution is difficulties when closing loops, as the marginal
distribution will no longer be valid after the loop closure.

An alternate approach is to condition on parameters that
fall outside the fixed-size window instead. By condition-
ing, an assumption is made that the estimates for these
past parameters have converged and are correct. Figure
3 shows the graphical model representing the condition-
ing approach, where the conditioning edges are composed
of measurements that involve both the active and inactive
parameters. Conversely, active edges are composed of mea-
surements that involve only active parameters. Equation (6)
is then modified to remove the prior and to split the mea-
surement likelihood term in two: active and conditioning
measurements:

f(a = argmax P (X,,Z) = arg max
Xa Xa

[P @lXa) f[P (X0, X5)

i=1 j=1

(32)

where n, and n. are the number of active and condition-
ing residuals respectively. Note that the likelihood term for
the conditioning residuals is conditioned on both the active
(X,) and inactive ( X;) state parameters, but only the active
parameters are optimized. Given the inertial and visual
residuals discussed in the previous section, and the afore-
mentioned conditioning approach, the total cost optimized
is formulated as

np o nj K3
2 2
e=2 D llevy Ik, + llegly, (33
m=1 k=1 e ol /
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conditioning edges

Po IMU integrations

inactive window

N

active window

Fig. 3. The graphical model representing the conditioning sliding window optimization over a number of active keyframes. Edges in the
graph are formed by either visual or inertial residuals and are shown as dashed lines. The solid lines represent implicit edges modeled by
the inverse depth parameterization between landmarks and their reference keyframes. The conditioning edges are formed by residuals,

which involve both active and inactive parameters.

where n; and n; are the total number of keyframes and land-
marks respectively. Residuals that involve inactive param-
eters in X; are evaluated normally. However, the partial
derivatives of these residuals with respect to the inactive
parameters are omitted. This method is used extensively
with a fixed-window optimization in visual SLAM (Klein
and Murray, 2007; Mei et al., 2011).

In order to minimize the given cost and obtain the max-
imum likelihood state estimates, the normal equations are
utilized to iteratively update the active parameters X,:

JTWIAX, = JTWe (34)

where e = [ ey, ey, ez, er, ]T is the
residual vector, J = 9¢/5x, is the Jacobian of the resid-
ual vector with respect to the active state parameters,
and the block diagonal weight matrix is composed of
the inverse covariance matrix for every residual: W =

diag (E;\}O e, E;}n, E;IIO, )
region method (Powell, 1970) is used to solve equation (34).
Note that the update to the state vector AX,, is additive for
all parameters except the orientation parameter q,,, where
the update is applied through the exponential operator as
per equation (3).

Due to the connectivity of the visual-inertial SLAM
graph, new residuals may significantly alter the estimates
for parameters that are no longer in the active window.
Due to this same connectivity, active parameters that are
conditioned on badly estimated past parameters are them-
selves poorly estimated, and can result in total divergence
of the solution. In the case of visual-inertial SLAM, param-
eters such as velocity, and implicitly estimated parameters
such as the direction of gravity are particularly sensitive to
mis-estimation, and can derail the solution if not updated
in the presence of new measurements. As such, a fixed-
window optimization will not approximate the batch maxi-
mum likelihood solution. This motivates the introduction of
the adaptive window optimization.

..,E;Ilm). The dog-leg trust

2.5. Adaptive window implementation

The adaptive local BA dynamically sets the window size, in
order to appropriately fold in parameters as needed. Espe-
cially when using an IMU, future measurements can sig-
nificantly affect estimates of past and inactive parameters
for a fixed window size. Dynamically adjusting the window
serves to allow the optimization to include parameters when
new measurements are available that change their estimates,
and when these new estimates affect the current active set
of parameters Examples of these parameters are velocities,
accelerometer and gyroscope biases, and the direction of
gravity, which is implicitly parameterized.

Similarly to the adaptive method previously presented in
Sibley et al. (2009), the condition used to determine the size
of the optimization window is based on the residuals. In
Sibley et al. (2009), parameters were included in the opti-
mization if changes in the visual residuals were larger than
a specific threshold. For the case of visual-inertial SLAM,
since multiple sensor modalities are used, the Mahalanobis
distance for the residuals is computed instead, and thresh-
olded in a x? test, in order to probabilistically determine
when residuals are outside their expected intervals. In par-
ticular, the condition used to assess whether the size of the
window needs to be increased between two optimization
iterations is based on the residuals observed in the condi-
tioning edges shown in Figure 3, after the kth optimization
has converged. The measurement covariances can then be
used to assess whether the conditioning residuals are within
expected bounds using a x? test and to adjust the size for
the (& + 1)th optimization. The conditioning Mahalanobis
distance for projection residuals is

2
ey = ) Iy i3,

ieC

(35)

where the summation is over the set C comprising all condi-
tioning visual residuals, as shown in Figure 3. Likewise, the
conditioning Mahalanobis distance for the single inertial
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Fig. 4. Graphical model of the adaptive condition shown for inertial residuals. The ellipsoids show the confidence intervals of the

Mahalanobis distance between the final integration pose and the first active keyframe as obtained from a x 2 test. The size of the adaptive

window is then expanded if the Mahalanobis distance is larger than a threshold confidence interval. Once expanded, the optimization is

run over the larger window and the process is repeated by checking the same edge (which will no longer be a conditioning edge, as it

will involve only active parameters).

residual connecting the active and inactive sets is

2
ey = lrz.li%, (36)
Given either e., or e.,,, their corresponding adaptive
condition variables ay,, and oy, can be defined as

e,

= Tnv 2 (B, d)

ecZ

T = Ty x%(B,d) 37
where d = 2|C| + 15, and ay,, and oy, represent the
adaptive condition variables for visual and inertial residu-
als respectively, Inv x2 (8, d) is the inverse cumulative x?
distribution for d dimensions evaluated for the confidence
interval B, where d is the total dimension of the condition-
ing edge vector (15 for the conditioning inertial residual,
and 2 x |C] for the conditioning visual residuals). Since the
multivariate Mahalanobis distance has a d-dimensional x?
distribution, the cumulative form of the x? can be used to
estimated if the given Mahalanobis distance lies in a certain
confidence interval. Initially if o, > 1 or oy, > 1, the
conditioning residuals for either visual or inertial measure-
ments lie outside the Sth percentile probability as expected
from the residual covariance (as shown in Figure 4), so the
window size is increased, and the optimization is run to con-
vergence with the now larger window. This increase in the
window size is continued while the following conditions
hold:

(ak+lv > 1 Vak+11’ > 1) A ((ak+lv +ak+11')

<y (on, +arg)) (38)

where the A and V signify the AND and OR boolean alge-
bra operators, and y =(1 — le™>) is a tuning parameter
to ensure that the condition variables decrease more than a
specific threshold with regards to the previous optimization.
If the condition in equation (38) is not met, the window is
resized to its default minimum length and new frames are
added to the window. Note that during the expansion, even
though the conditioning edges of iteration & are replaced

with earlier edges in the graph, the condition variables oy,
and oy, are still computed at the same edge as the first opti-
mization instance where the condition in equation (38) was
met.

In the case of the inertial residual Mahalanobis distance
(equation (36)), the residual covariance actually depends on
the state, as it is propagated through the inertial integration
as per equation (25). Consequently, the true Mahalanobis
distance after the optimization must be computed by propa-
gating the IMU measurement uncertainties given the latest
estimate of the states. However, since the residual covari-
ances are recomputed before each iteration of the optimiza-
tion, and changes to the parameters are expected to be small
at convergence, the change in the covariance of the inertial
residual is assumed to be negligible in the final optimiza-
tion iteration. Note that in the case of visual residuals, the
residual covariance does not depend on the state.

The intuition behind the adaptive criterion on equation
(38) is that if new residuals would affect the estimates of
past parameters, and those parameters are not part of the
active window, tension will be introduced in the condition-
ing edges that connect the active to the inactive parameters
in the form of errors that are not explained by the measure-
ment uncertainty. If the errors in the conditioning edges are
indeed caused by mis-estimation of inactive parameters out-
side the window, including these parameters in the window
should reduce these errors until they are within expected
intervals based on measurement uncertainties. In the case
that the conditioning error is not decreasing but is still out-
side expected bounds, the window size is returned to its
default minimal value and the expansion is stopped, as the
error is more likely explained by outlier measurements.

In order to use a relative map representation with visual—
inertial measurements, the architecture presented in Sibley
et al. (2009) has to be extended to accommodate the new
parameters that are estimated: keyframe velocities, gravity
direction and IMU biases. As the biases are estimated in
the IMU frame, they are already relative and so need no
further attention. The velocities are estimated in the “lifted"
local frame, and are therefore relative to the orientation of
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the first lifted pose. The same can be said about the direc-
tion of gravity in the lifted frame, g,,. In order to store the
velocity estimates and gravity direction in the map, they are
converted to a relative parameterization, which for the kth
keyframe is as follows:

_ o1
Vor = quk ® T

Bk = Gy ® B (39)
where v, and g, are the velocity and gravity direction vec-
tors relative to the keyframe orientation. These values are
stored in the map along with the relative transform between
keyframes. Given this map representation, a local window
can be “lifted" by performing a breadth first search starting
from a given root node. The local gravity vector g,, can then
be computed by inverting equation (39). The local velocity
for each keyframe v,,, is computed similarly. These values,
alongside the local position and orientation of the keyframe
obtained as per Sibley et al. (2009), are then used as the
optimization state parameters.

The use of a relative map representation ensures that
updates to the map remain small. While the optimization is
performed in a “lifted” local frame (referred to as the world
frame), the resulting parameters are pushed back into the
map in their relative form, allowing multiple BAs to update
it asynchronously without clashing.

Note that if the window size expands to the point where
a batch optimization is performed, the relevant null-spaces
are regularized to prevent the Hessian becoming singu-
lar. For the visual-inertial case, the null-spaces for the
batch maximum likelihood estimation are the 3 unobserv-
able translations of the root pose, and the unobservable yaw
degree of freedom around gravity. In order to remove the
yaw null-space, the rotation axis most parallel to that of the
gravity vector is regularized in the first pose.

Since the time needed to run the optimization to conver-
gence scales with the size of the window, the aforemen-
tioned solution could potentially be too slow for real-time
operation, if the window size expands too much. To obtain a
real-time solution, two optimization windows are run simul-
taneously in a multi-threaded environment. One thread runs
a constant-width window optimization that is guaranteed
to run at framerate, while the other runs the adaptive win-
dow optimization, which could potentially run slower than
framerate. Special care is taken to ensure that these two
optimizations, which run on different subsets of parameters,
do not destructively interfere with one another. Fortunately,
the relative map representation is quite conducive to this
approach. Since only relative values are stored in the map,
updates to the parameters are small. This would not be the
case for a global map representation, where changes to past
keyframes could potentially have significant downstream
effects on more recent keyframes. Given the relative map
representation, a greedy update approach is chosen, where
synchronization between the threads is only performed dur-
ing the /ift and write operations, but otherwise updates are

written to the map as soon as either optimization thread has
run to convergence.

3. Results

In order to evaluate the proposed method, experiments were
run on two sensor platforms: A hand-held mobile device
(hereby referred to as rig A) with a global shutter wide-
field-of-view camera with 640 x 480 resolution and a com-
mercial MEMS IMU sampled at 120Hz, and a custom hand-
held rig (referred to as rig B) with a wide-field-of-view
camera at 1280 x 960 resolution downsampled to 640 x 480
with a commercial grade IMU sampled at 200 Hz. The sen-
sor specifications are listed in Table 1. Both cameras capture
images at 30 frames per second. A comparison between the
images captured from the rigs is shown in Figure 5. In all
experiments, the AAC system comprises a fixed-window
estimator (as per Section 2.4) with a 10 keyframe win-
dow width and an asynchronous adaptive estimator (as per
Section 2.5) with a minimum window size of 20 keyframes.

3.1. Tracking and keyframing

Visual residuals are established as per Section 2.2 by track-
ing salient image points between frames, to form a feature
track. This is accomplished via a method inspired by the
tracking component of Forster et al. (2014), where the pho-
tometric error of a re-projected feature patch is directly
minimized to obtain the new location of the feature. In order
to initialize new feature tracks, Harris corners (Harris and
Stephens, 1988) are used in the areas of the image where
not enough active tracks are present. In the direct approach
employed, epipolar geometry is respected when minimizing
the photometric error to localize the tracked features in new
images. As such, the RANSAC (Fischler and Bolles, 1981)
step generally employed when descriptor-based matching
is used is no longer required. There is slight tolerance to
violations of epipolar geometry to enable tracking if the
landmarks or keyframe poses are not well estimated, and
as such non-static objects in the scene may still violate
epipolar geometry over the length of a feature track. These
outliers are rejected in the fixed and adaptive window opti-
mizations based on the ratio of outlier visual residuals to the
total number of residuals in the feature track. A normalized
cross-correlation score is computed between the current and
original feature patches and is thresholded (at 0.875) to
reject feature patches that have changed too much in appear-
ance. In all examples, the tracker was configured to attempt
to track 128 landmarks across the image. The value of the
tuning parameter 8 from equation (37) is set to 0.1, mean-
ing that oy > 1 if the conditioning Mahalanobis distance
for either visual or inertial residuals is larger than the 10%
x? confidence interval for the given dimension d. The value
of the tuning parameter 8 was experimentally chosen to
ensure that the window size was expanded when required
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Table 1. Specifications for the sensors used in each rig.

Rig IMU Camera
A Project Tango Peanut IMU @ 120 Hz Project Tango Peanut Wide-Angle Camera @ 30 fps, 640 x 480
B Microstrain 3DM-GX3-25 @ 200 Hz Point Grey FL3-U3-13Y3M-C @ 30 fps, 640 x 480

() (b)

Fig. 5. Comparison of images obtained from rig A (a) and rig B (b) as described in Section 3. Rig A is a mobile hand-held device with
a wide-angle lens and a global shutter camera capturing at 30 fps and with 640 x 480 resolution. Rig B is a custom hand-held device
with a global shutter camera capturing at 30 fps and with 1280 x 960 resolution downsampled to 640 x 480. The picture quality and
contrast of rig B is generally much better. Both rigs use a commercial grade MEMS IMUs: rig A sampled at 120 Hz and rig B at 200
Hz. Rig B features a much larger lens and higher quality camera.
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Fig. 6. (a) Trajectory and structure estimate resulting from running the proposed solution on a ~200 m outdoor dataset captured using
rig B. The error between the start and end keyframe poses is 0.33% of the distance traveled. (b) The window size ratio (computed by

dividing the adaptive window size by the total number of keyframes) for the trajectory, the initialization region is at the beginning of
the trajectory with the ratio reaching 1, signifying a batch solution.
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Fig. 7. Inertial (a) and visual (b) adaptive condition variable plots (see Section 2.5) for the trajectory in Figure 6(a). The red line
indicates the threshold over which the condition in equation (38) will be true, and therefore the window size will be expanded. The
expansion spikes in Figure 6(b) are correlated to the keyframes at which either the visual or inertial condition variable is > 1 in (a) or

(b)
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Fig. 8. Comparison of trajectories estimated by different BA configurations. It can be seen that the 25 keyframe asynchronous fixed-
size window BA and the adaptive window BA both produce trajectories close to the batch solution, however the 15 keyframe fixed-size
asynchronous fixed window BA diverges substantially from the batch solution.

to estimate past and present parameters on all datasets. Sta-
tistically, a threshold on the 10th percentile is rather strict,
as only a small percentage of errors should reside in this
range, and most errors should be higher. The experimen-
tally obtained value of 10% could potentially be due to
measurement covariances that are set too low, resulting in
under-estimated Mahalanobis distances.

Keyframing is used as a means to both increase perfor-
mance and to alleviate problems arising from a stationary
camera. The keyframing approach is similar to that of Klein
and Murray (2007). Heuristics are used over the total dis-
tance and rotation since the last keyframe, as well as the
percentage of feature tracks still active. If any of the heuris-
tics are met, a new keyframe is placed and the feature track
measurements are inserted into the map. Images that are not
keyframes are simply used for localization against the map.
Note that IMU measurements are recorded irrespective of
keyframing. The system runs at 30 frames per second on a
2.5 GHz Core i7 laptop with two threads. One thread run-
ning the synchronous estimator as described in Section 2.4
and the other running the AAC (Section 2.5).

3.2. Experiments

The first experiment consists of a ~200 m outdoor loop
captured with rig B with identical start and end positions.
The trajectory and reconstruction are shown in Figure 6(a),
where the final error between the start and end keyframe
poses as a percentage of traveled distance is 0.33%. Exten-
sion 1 shows the captured images and estimated trajectory
for this experiment. Figure 6(b) shows the asynchronous
adaptive window size ratio, calculated by dividing the adap-
tive window size by the total number of keyframes. It can be
observed that, near the beginning of the trajectory, the asyn-
chronous window ratio does reach one, which signifies that
the asynchronous estimator is solving the batch solution
with all keyframes and measurements. However, this period
is short lived, after which the size of the adaptive window
settles to an approximately constant number of keyframes.
The spikes in Figure 6(b) correspond to increases in the
adaptive window size due to the condition in equation (38)
being met. These spikes can be matched against Figure 7(a)
and (b), which show the plots for ay,,, and ay; (as explained
in Section 2.5), where the red line indicates the threshold

after which the condition is met and the adaptive window
size is expanded.

Figure 8 shows the trajectory reconstruction of a short
indoor sequence obtained using rig A showing the compar-
ison between the batch solution, which uses all keyframes
and measurements, and several options for the asyn-
chronous estimator. It is observed that the adaptive window
size is the one that most closely matches the batch. While
the fixed-size asynchronous window with 25-keyframes
performs fairly well compared with the batch solution, the
15-keyframe fixed-size window clearly diverges. Rig A was
also used to capture two outdoor datasets shown in Figures
9 and 10. Figure 9(a) shows the trajectory reconstruction
superimposed over an aerial photo for a ~200 m outdoor
loop. It can be seen that the adaptive result closely matches
the batch result, while a fixed-window optimization has sig-
nificantly higher error. The batch translation error between
the start and end keyframes for this trajectory is 0.71% of
the traveled distance and 0.72% when using the AAC esti-
mator. The window size ratio (similar to Figure 6(b)) for
this dataset is shown in Figure 9(b), where it is observed
that after an initialization period where the size ratio is fre-
quently 1 (indicating a batch solution), the window size
decreases to an approximately constant number.

Figure 10(a) shows the reconstructed trajectory for a
~400m outdoor trajectory obtained using rig A. The 20-
keyframe fixed-window optimization clearly diverges and
is unable to estimate the trajectory, while the batch and
AAC results match closely, with error of 1.33% and 1.42%
respectively. Figure 10(b) shows the window size ratio for
this trajectory, where, once again, after a short initializa-
tion period, the AAC window size remains approximately
constant.

While the approach is observed to be accurate, a large
discrepancy in accuracy is observed between datasets cap-
tured with the two different rigs in Section 3. Given that
both rigs were calibrated with the same offline calibration
tool, the discrepancy can be attributed to both the higher
image quality of rig B due to the higher quality camera and
much larger lens, and to the higher sampling rate for the
IMU of rig B. These effects are also visible in the win-
dow size ratio plots between rigs A and B (Figure 6(b)
versus Figure 9(b) or Figure 10(b)), where it can be seen
that adaptive window expansion is much more prevalent in
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Fig. 9. A loop consisting of an outdoor ~200 m dataset taken on foot with rig A, superimposed over satellite imagery. The batch
translation error between the start and end keyframes as a percentage of traveled distance is 0.71% while the AAC error is 0.72%. The
resulting poses obtained by running AAC, batch and a fixed-window optimization over the data are shown in (a), and the ratio of the
AAC window to the total number of keyframes is shown in (b). A ratio of 1.0 indicates a batch solve. It can be seen that a fixed window
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optimization is unable to accurately match the batch solution.
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Fig. 10. A loop consisting of an outdoor ~400 m dataset taken on foot with rig A, superimposed over satellite imagery. The batch
translation error between the start and end keyframes as a percentage of traveled distance is 1.33% while the AAC error is 1.42. The
resulting poses obtained by running AAC, batch and a fixed-window optimization over the data are shown in (a), and the ratio of the
AAC window to the total number of keyframes is shown in (b). A ratio of 1.0 indicates a batch solve. It can be seen that the solution

obtained using a fixed-window batch solver diverges completely.

Figure 9(b) and Figure 10(b), which were captured with rig
A. This signifies that good parameter estimates were less
likely to be computed given the minimum asynchronous
window size, and frequent expansions were necessary. This
is in contrast to the higher quality data obtained with rig B,
and the resulting window size ratio shown in Figure 6(b).
Another factor that has a large impact on accuracy is the
value of the IMU measurement covariance matrix, X,, . The
weight placed on the IMU residual is derived from the prop-
agation of this covariance matrix, and an underestimation
of the uncertainty can lead to significant reduction of the
system accuracy due to over-reliance on noisy IMU data.

3.3. Initialization

In Figures 6(b), 9(b) and 10(b) it can be observed that for a
short time after the start of the sequence, the window size
ratio tends to be equal to 1, indicating a batch solution. This
behavior arises naturally due to the adaptive window for-
mulation (Section 2.5) and serves to initialize values which

may not be immediately observed at the beginning of the
trajectory. Among the values that tend to fluctuate the most
in this initialization phase are the accelerometer and gyro-
scope biases, the 2DOF of orientation with respect to grav-
ity, and the velocity vectors for the keyframes. As these
quantities are not immediately available, new information
about them will stress the conditioning edges and force the
AAC estimator to expand the window in order to update
all affected poses. However, once the initial estimates for
these parameters have converged, the AAC window seldom
expands to the batch solution.

4. Discussion

It was observed that in real-life situations, parameters such
as velocity, gravity and bias are observable with adaptive
conditioning. This is of course contingent upon sufficient
excitation of the sensors. In the hand-held datasets there
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is an ever present oscillatory acceleration due to the walk-
ing motion, which quickly renders the unknown parame-
ters observable. Given this, a short required window size is
observed in order to closely estimate the batch MLE solu-
tion. As expected, window growth is also seen in situations
where scale and consequently velocity are ambiguous. An
example of this is at sharp turns that introduce a slew of
uninitialized new landmarks while simultaneously cutting
tracks from established landmarks. The net result is a scale
ambiguity that requires a larger window size to resolve,
which is automatically discovered.

It must be noted that in the case of prolonged degenerate
motion (such as constant velocity), the size of the window
required to properly estimate parameters can grow without
bound to the batch solution. However, in the real datasets
that were used to evaluate the system, such a scenario was
never encountered, as enough excitation of the sensors was
generally observed, and the window size was bounded.

The system is observed to be accurate, however consis-
tent discrepancies in accuracy are observed between recon-
structions captured with different visual-inertial rigs. Given
equal offline calibration of the two rigs, the effect of sen-
sor quality and IMU sampling frequency on the accuracy
of the reconstruction is observed to be significant, and is a
candidate for further study.

When using asynchronous BA, care must be taken so as
to ensure sufficient update frequency of the asynchronous
solution in order to ensure overlap with the synchronous
BA. This is required to keep the synchronous BA in the
overall solution basin as solved by the asynchronous BA.
As expected from the relative framework, the updates to the
edges and inverse depth parameters for landmarks are small
and no interference was observed between the two threads,
even when the asynchronous BA is solving a batch solution
during initialization (Section 3.3), in which case its updates
will be markedly slower than the synchronous BA.

The use of conditioning in lieu of marginalization
presents desirable properties. However, it must be noted
that marginal covariances are no longer computed for state
estimates, and parameters that are conditioned upon are
assumed to be correctly estimated. Since these marginal
covariances are ignored, a loss of accuracy can generally be
expected. In this case of adaptive conditioning, a concerted
effort is to re-estimate past parameters in the presence of
new measurements, constantly reducing their error where
possible. As a result, it is shown that the adaptive condi-
tioning method is still able to obtain very high accuracy,
especially when using quality sensors.

5. Conclusions

Adaptive asynchronous conditioning (AAC) is a novel solu-
tion to real-time visual—inertial SLAM. The approach auto-
matically scales and focuses computation to capture an
accurate approximation to the batch MLE solution in both
the keyframe poses and the map structure, and avoids the

downsides associated with marginalization, such as incor-
rect linearization and inconsistency. Further, AAC avoids
the computational difficulties associated with carrying prior
distributions, such as the need to compute global optimiza-
tions at loop closure.

The proposed method offers a natural “front-end” while
simultaneously allowing larger portions of the problem to
influence the solution. It is thus able to produce estimates
in real-time, and also re-estimate past parameters in the
presence of new information: an ability that is useful for
self-calibration, during degenerate motions, or when bias
and gravity are poorly observed.
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Appendix A: Index to Multimedia Extension

Archives of IJRR multimedia extensions published prior
to 2014 can be found at http://www.ijrr.org, after 2014
all videos are available on the IJRR YouTube channel at
http://www.youtube.com/user/ijrrmultimedia

Table of Multimedia Extension

Extension Media type  Description

1 Video The approach outlined in the paper
is applied to a 200 m outdoor dataset
in order to estimate the trajectory
of the camera as well as the sparse
map. Data was captured using rig A
at 1280x960@30 fps downsampled
to 640x480@30 fps. The dataset
starts and ends at the same location.
Based on this, the estimated trajec-
tory achieves an error of 0.33% as a
percentage of distance traveled.

Appendix B

In this section, the IMU integration equations are expanded
to factorize the starting parameter values where possible,
similarly to the factorizations presented in Li and Mourikis
(2013b) and Lupton and Sukkarieh (2012). The motivation
behind this is to obviate the need to compute the deriva-
tives with respect to the starting parameters by traversing
the integration via the chain rule. A successful factorization
allows the derivatives to be calculated after the integration
is performed, both increasing the accuracy of the derivatives
as well as increasing performance. It is shown that this fac-
torization is possible for all starting parameters except for
the IMU biases.

B.1. Rotation integration factorization

In the interest of brevity, the derivation of the factorized
rotation equations is first performed using rotation matri-
ces (denoted as R). The factorized form can then easily
be written using quaternions (equation (45)), which is the
final form used in the implementation. Consequently, the
exponential and adjunct operators performed on rotation
matrices are denoted as expr and Adr to disambiguate
them from their quaternion counterparts. The integration of
angular velocities from time 0 to n can be written as

Ry, = expg (@y,_, dta—1) X -+ X expgr (D, dio) Rup,
(40)

where R,,,, is the rotation matrix describing the starting
rotation. Since this rotation is in fact a parameter in the
optimization, derivatives with respect to it will be required
in order to construct the problem Jacobian. Since the mea-
surement in world coordinates depends on the orientation of
the IMU frame, its formulation must be taken into account
to obtain the derivative. Fortunately, the starting orientation
can be factored from the integration. To do this, a slightly
different form of the adjunct is used where: AFR~\w =
AdR-a-Adﬁ1 (Strasdat, 2012). Since for SO(3), Adg = R,
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equation (22) can be rewritten as

RWPk-H = eXpR( é\)wk dt) RWPk

= eXPr (pr (@, —bg,) dtR;;) Ry, (41)

which gives the slightly modified form of equation (40):

Ran = CXpPr (RWPn—l (a)mn—l - bgnfl) dtnflRVTI;pnq)
X -+ X eXPR (RWPo (a)mo — bgo) dthv_V;0> R,

(42)

Since R,,,,, , is the orientation as integrated up to step n—
1, it can be factored into the starting orientation R,,,,, and
an integrated orientation delta up to time-stepn—1, R, |-

More formally: R,,,, = Ry, Ry, . Using this factorization,
equation (42) becomes

- -1 -1
Ry, = expr (RWPORPOPn—l (@m,, —bg, ) dtn_lRPOPnflRWPO)

X -+ X €XPR (pro (a)mk — bgk) dton_v,lo) Ry,
(43)

Using the Lie matrix exponential identity
expr(AXA™!) = Aexpr(X)A~!, equation (42) becomes

—

eXpR <(a)mn—l - bgn—l) dt”_1>
—1 —1
Rp()pn—]RWPO X oo X Rypy

EXPr ((wmk - bgk) dto) R;plo Ryip,

R

WpPn

= RupRppp,

(44)

Canceling out terms, and using quaternions to represent
the rotation matrix R, the final form of the integration is
obtained:

—

Qupy = Qupy @ |:qpopn1 ® €xpy ((“)mnq - bgn—l) dtnfl) ®

q_lp()ﬁn—l ®...®exp ((wmk —by,) dto> :|

= Qupy ® Aq (45)
where Aq represents the integration of bias-corrected angu-
lar velocities starting from an identity orientation, and does
not depend on q,,,,. The derivative of 94wpn/aq,, can there-
fore be computed without the need to use the chain rule
through the integration.

B.2. Velocity integration factorization

Similarly to Appendix B.1, the final integrated velocity is
obtained by integrating the accelerometer measurements in

the world frame from time 0 to #n:

Vi, = Vg + @y deg +--- + a,, , dt,—;
= Vuy + (Gupy ® (amy — bag) + 8w) dto
+---+ (qu,,,l & (am,,,l - b“n—l) + gw) dtn—l
(46)

where accelerometer measurements in the IMU frame are
rotated into the world frame as per equation (21). It is imme-
diately obvious that the effect of the initial velocity v, is
already factorized. Further inspection reveals that the grav-
ity term is always added in the world frame, and so it can be
factorized out as well:

Vi = Vi + BwAL + Qupy ® (amy — byg) dig + -+

+qWPn71 ® (amnfl - bunfl) dt”_l (47)

Similarly to the operation applied to equation (42), the
rotation matrix taking the accelerometer measurements
from the IMU to world coordinates can be decomposed as
R,,, = R, R, p,, allowing the factorization of the initial

rotation, R,

Vw, = Vg + g Al + Qupy &® (amO — baO) dfg + -+
quo ® qp()py,,I ® (amnfl - banfl) dl"_l

= VW() + gwAt + qu() & [(amo — baO) dl‘o + -4

Apop,—1 B (amn—l - bunfl) dt"—1j| (48)

where the term in square brackets represents the integration
of the bias-corrected accelerometer measurements rotated
into the identity reference frame and not corrected for
gravity. Referring to this term as Av, the final integrated
velocity is formulated as follows:

Vi, = Vg + gwAt + Qwpg ® Av

B.3. Translation integration factorization

As with Appendices B.1 and B.2, the final position is
obtained by integrating velocities obtained from the inte-
gration in Appendix B.2:

Pupn, = Pupy + Vo dto + -+ + vy, dtg (49)

The velocity terms can be substituted with the integrated
accelerometer measurements as per Appendix B.2:

Pup, = Pupy T Vi dlo + (VW() + a,, dfo) dt; +---+
(VWO +a,,diy+---+a,,, dtn_z) dt,_;
= pWPO + VWOAt + (aWO dto) dtl + “ee +

(awo dfg +---+ a,, , dt,,,z) dt,—; (50)
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where it is immediately observed that the initial veloc-
ity (vy,) can be factored out since v, dfy + v, df; +
-+ vy, dt, = vy, At. The accelerometer measurements
in the world frame (a,,) can be replaced by the IMU frame
measurements as per Appendix B.2:

Pup, = Pupy T Vg AL + (quo ® (amo - bao) + gw) dzo dt,
+-t ((quo ® (amo - bao) + gW) do
+oe Tt (qWPn—l ® (amn—2 _ban_2)+gw) dt”_z) dt"’_l
(51
Since the gravity term is constant, and is double inte-

grated in the global coordinate system, it can be replaced
by its closed form:

1
Pupn = Pupy + Voo AL+ ngmz + (Qupy @ (amy — bay )

drodt; +-- -+ ((qupo ® (amo - bao)) dzo
+--+ (qunfl ® (amn72 - banfz)) dt,,,z) dty-1
(52)

As per Appendix B.1, the rotation term R,,,,, which is used
to rotate the accelerometer measurements from the IMU to
the world frame can be decomposed as follows: R,,,, =
R, R, p,- Using this equation (52) can be re-written as
follows:

1
Pup, = Pupy T Vg A + ngM
+qu’O ® |:(am() - bao) dl() dt] + -+
((amy — bag) dto + -+ +

(qPOPnfl ® (amn72 - ban72)) dtnfz) dtnl](53)

where the term in the square brackets represents the dou-
ble integration of the accelerometer measurements rotated
into the identity reference frame and without gravity com-
pensation. Referring to this term as Ap, the final integrated
velocity is formulated as follows:

1
Pup, = Pupy T Vi AL+ ngAtz + Qup, @ Ap (54)
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